Monte Carlo simulations are used to establish the potential of mean force between two globular proteins in an aqueous electrolyte solution. This potential includes non-electrostatic contributions arising from dispersion forces first, between the globular proteins, and second, between ions in solution and between each ion and the globular protein. These latter contributions are missing from standard models. The potential of mean force, obtained from simulation, is fitted to an analytic equation. Using our analytic potential of mean force and Barker-Henderson perturbation theory we obtain phase diagrams for lysozyme solutions that include stable and metastable fluid-2 fluid and solid-fluid phases when the electrolyte is 0.2 M NaSCN or NaI or NaCl. The nature of the electrolyte has significant effect on the phase diagram.
I. Introduction
The phase behavior of colloidal solutions is relevant to a variety of technical applications.
Examples include paints, inks, coatings and high-tech materials for optical, structural and medical purposes. In addition, for biotechnology it is important to understand the phase behavior of aqueous protein solutions [1] . However, previously published models cannot account for the effect of salt identity on the phase diagram; they do not explain the classical Hofmeister problem: why, for example, different concentrations of NaCl and NaSCN are needed to precipitate hen-egg-white protein from aqueous solution. Contrary to experiment, previous models predict that the required concentration for NaCl should be the same as that for NaSCN.
In this work we show that inclusion of ion-specific dispersion potentials [2, 3] , missing from standard models of colloidal interactions, gives ion-specific phase diagrams that agree with experiment. Inclusion of these non-electrostatic dispersion potentials has previously been shown to explain ion specificity in protein-protein interactions when the salt concentration exceeds Anderson and Lekkerkerker [4] (and others) have indicated that colloidal solutions display intriguing phase transitions spanning fluid-fluid, fluid-solid, and solid-solid phases. Ishimoto and Tanaka [5] were the first to report the existence of temperature-induced liquid-liquid phase separation in aqueous lysozyme-electrolyte solution. Taratuta et al. [6] showed that for such solutions, the cloud-point temperature depends on the choice of anion in the electrolyte solution.
We are here interested in the phase behavior of lysozyme solutions containing any one of three monovalent different salts, all at the same concentration. First-order perturbation theory, combined with a realistic potential of mean force between two protein particles, allows prediction of the rich phase behavior. Our calculations require no adjustable fitting parameters.
Aqueous protein solutions often exist for a long time under metastable conditions [7] .
Existence of a metastable region in a phase diagram may be important because it influences the rate of phase transformations, e.g., crystallization [4, 8, 9] . The literature provides numerous articles that discuss phase diagrams of colloidal and similar solutions; see, e.g., pertinent references in Tavares and Prausnitz [10] .
Most articles in the literature present phase behavior in a temperature-density plot obtained from molecular simulations. However, for applications, especially for optimization in product and process design, it is preferable to use perturbation theory using an analytical potential of mean force acting between two aqueous proteins. We first describe how we use the Monte Carlo simulation to obtain the potential of mean force between two lysozyme particles. After fitting this potential to an analytic function, we then use first-order perturbation theory to predict the phase behavior of aqueous lysozyme solutions that contain a specific electrolyte. (We have earlier shown that first and second-order perturbation theories are nearly equivalent for calculating phase diagrams for this kind of potential [10] ).
II. Potential of mean force for lysozyme
We calculated the potential of mean force between two macroions that mimic lysozyme at Figure 1 shows the ion-specific potential of mean force in three different monovalent salt solutions (0.2 M NaCl, 0.2 M NaI, and 0.2 M NaSCN). In addition to classical ion-ion, ionmacroion and macroion-macroion electrostatic interactions, these potential include contributions from ion-ion and ion-protein dispersion forces. They become more attractive from NaCl to NaI to NaSCN, consistent with the experimental observation that NaSCN is much more effective in precipitating hen-egg-white protein than the other salts.
In our phase-diagram calculations, we used the potential of mean force calculated numerically from our simulations. The resulting potentials were fitted to a 5th-order polynomial in r/σ, as expressed in Table 2 ; results are shown in Figure 1 .
The total potential of mean force is
where superscript MC stands for Monte Carlo and HS for hard-sphere; for each salt the total potential of mean force is obtained by combining the result from Monte Carlo simulations with a hard-sphere potential:
for r 0 for r>
and the well-known attractive Hamaker dispersion interaction [12] 
where H is the Hamaker constant, here 10 k B T B 0 , and κ is the protein hydration-layer thickness, 1.5 Angstrom [12] . T 0 is 298K and k B B is Boltzmann's constant.
III. Phase diagrams in lysozyme solutions
Long-range attractive interactions between two molecules have a strong influence on fluidfluid equilibria. As shown by numerous authors, the range of the attractive interaction affects the stability of a fluid-fluid transition (see references in Tavares and Prausnitz [10] ). When the interaction potential becomes short-ranged, the stable fluid-fluid phase transition disappears and only the solid-fluid coexistence curve is thermodynamically stable. The range of attraction in the potential cannot be changed for ordinary fluids, but it can be adjusted in aqueous protein systems by adding, for example, a non-adsorbing polymer. Notably, as shown here, consistent with experiment, it can also be adjusted by changing the specific electrolyte.
We obtain thermodynamic properties and phase diagrams using pertinent first-order perturbation theories, one for the fluid and another for the solid. The potential of mean force (Equation (1)), is assumed to be independent of temperature. The total Helmholtz energy of the system, A , is the sum of the hard-sphere and perturbation contributions: We use first-order Barker-Henderson perturbation theory to calculate the perturbation contribution to the Helmholtz energy for the fluid and for the solid as discussed previously by Tavares and Prausnitz [10] . 7 For calculating the phase diagram at a fixed temperature, either for solid-fluid or for fluidfluid coexistence, we use the conventional equations for phase equilibria:
where superscripts ' and '' refer to phases.
In the isothermal equations for phase equilibria, chemical potential μ and pressure are functions of density (or packing fraction). There are two unknowns: the density of phase ' and the density of . These densities of the coexisting phases are obtained by simultaneous solution of Eqs. (6) and (7).
Using first-order perturbation theory and the potential of mean force described above, we obtain the phase diagrams shown in Fig. 2 . The three different electrolytes give significantly different results. At low packing fractions, the systems with 0.2 M NaCl and 0.2 M NaI show stable fluid-fluid phase transitions. However, for liquid-liquid equilibria, sodium iodide exhibits a critical temperature higher than that for sodium chloride. At higher packing fractions, these electrolytes give stable fluid-solid phase transition. However, in 0.2 M NaSCN with its large attractive potential of mean force, the fluid-fluid phase transition is metastable, i.e., at a fixed temperature smaller than the fluid-fluid critical point, Eqs (6) and (7) lysozyme and consistent with light-scattering data that indicate more attractive lysozymelysozyme interactions in aqueous NaSCN than in aqueous NaCl [12, 14] .
IV. Conclusions
Calculated phase diagrams for aqueous lysozyme solutions with three different electrolytes
show, in accord with experiment, that interactions between a pair of lysozyme particles become more attractive when the 0.2 M electrolyte changes from NaCl to NaI to NaSCN. Our calculations take into account that, at constant ionic strength, phase transition equilibria depend on the choice of salt. This dependence can be traced to differences in adsorption of ions to the macroion surface caused by ion-ion and ion-macroion dispersion potentials. 
